Abstract. Let E be a real Banach space with norm · and let {xn} n≥0 be a nonexpansive sequence in E (i.e., }. This result is applied to obtain the weak and strong convergence of { xn n }.
Introduction
Let E be a real Banach space with norm · and let {x n } n≥0 be a nonexpansive sequence in E (i.e., x i+1 − x j+1 ≤ x i − x j for all i, j ≥ 0). Recently, Djafari Rouhani [2] obtained an interesting result on the weak convergence of { xn n } under the assumption that E is reflexive and strictly convex.
In this paper, we deal with his result without the assumption of strict convexity of E. That is, instead of the weak limit of { xn n }, we deal with the mean point of { xn n } concerning a Banach limit under the assumption that E is reflexive. Using the mean point, we obtain the weak convergence of { xn n }, in which case E is reflexive and strictly convex. Also we obtain the strong convergence of { xn n }, in which case E * has a Fréchet differentiable norm. Our results improve and extend the corresponding results in [5, 6, 7, 8, 9 , 10] as in [2] .
Preliminaries
Let E be a real Banach space with norm · and dual (E * , · ). The duality pairing between E and E * will be denoted by (·, ·). The duality mapping J from E into the family of nonempty closed convex subsets of E * is defined by
Note that we have for x, y ∈ E and j ∈ J(x),
We recall that if E is reflexive and strictly convex and K is a nonempty closed convex subset of E, the nearest point projection mapping P K of E onto K is well defined, i.e., K is a Chebyshev set (see [1, 4] ).
We say that the sequence {x n } n≥0 is nonexpansive if
Let µ be a mean on integers N, i.e., a continuous linear functional on ∞ satisfying µ = 1 = µ(1). Then we know that µ is a mean on N if and only if
According to time and circumstances, we use µ n (a n ) instead of µ(a). A mean µ on N is called a Banach limit if
Using the Hahn-Banach theorem, we can prove the existence of a Banach limit. We know that if µ is a Banach limit, then lim inf n→∞ a n ≤ µ n (a n ) ≤ lim sup n→∞ a n for every a = (a 1 , a 2 , · · · ) ∈ ∞ . Let E be a reflexive Banach space and let {x n } be a bounded sequence in E. Then, for a Banach limit µ, we can obtain a point x 0 in E such that
This point x 0 is called a mean point of {x n } concerning µ. We also know that this mean point x 0 is contained in ∞ n≥1 co{x n }. In fact, if not, there exists n 0 ∈ N such that x 0 / ∈ co{x n : n ≥ n 0 }. By separation theorem, we obtain a point x * ∈ E * such that
This is a contradiction. For these facts, see [11] . Let S = {x ∈ E : x = 1}. Then the norm of E is Fréchet differentiable if for each x ∈ S, the limit lim t→0 x + ty − x t exists uniformly for each y ∈ S. The following lemma is well known (cf. [3] ). Finally, let D be a subset of E. Then we denote the closure of D by D and the closed convex hull of D by coD, respectively. We also denote its distance from a point x in E by d(x, D) = inf y∈D x − y .
Main result
In this section, for a nonexpansive sequence {x n } in E, we study the mean point of { xn n } concerning a Banach limit. We begin with the known result which will play a crucial role in our result. Lemma 3.1 [2] . Let E be a Banach space and let {x n } be a nonexpansive sequence in E. Then lim n→∞ x n n exists and lim
The following result is essentially in spirit of Djafari Rouhani [2] . For completeness, we give the proof.
Lemma 3.2. Let E be a reflexive Banach space and let {x
Hence we obtain
and so {S n } is bounded since { xn n } is bounded by Lemma 3.1. Thus from the weak-star compactness of the closed unit ball of E * , it follows that the sequence {S n } has a weak-star cluster point j ∈ E * (obviously independent of k ≥ 1). Now by Lemma 3.1 and (3.1), we obtain
for all n ≥ 1. We also have
On the other hand, since { xn n } is bounded and E is reflexive, { xn−x0 n } contains a weakly convergent subsequence {
and hence lim n→∞ xn n = d(0, K). This completes the proof. Now, using Lemmas 3.1 and 3.2, we obtain the main result. 
